We construct multiple Dirichlet series in several complex variables whose coefficients involve quadratic residue symbols. The series are shown to have an analytic continuation and satisfy a certain group of functional equations. These are the first examples of an infinite collection of unstable Weyl group multiple Dirichlet series in greater than two variables having the properties predicted in [2].
Introduction
Let Φ be an irreducible root system of rank r with Weyl group W , and let K be a global field containing the n th roots of unity. In [2] is described a heuristic method to associate to this data a multiple Dirichlet series Z in r complex variables with coefficients given by n th order Gauss sums. Moreover, Z is expected to have an analytic continuation to C r and to satisfy a group of functional equations isomorphic to W . These Weyl group multiple Dirichlet series generalize several constructions of multiple Dirichlet series that have previously appeared in the literature. We present some examples and outline their connections with analytic number theory and automorphic forms at the end of this introduction. The paper [2] suggests a method for the unified treatment of all of these examples.
Brubaker, Bump, and Friedberg [3] have given a precise definition of Z in the stable case; by definition, this means n is sufficiently large for a fixed Φ. In [3] the authors show that for such n, the Weyl group multiple Dirichlet series admit meromorphic continuation and have the expected group of functional equations. They also prove that the coefficients of the stable series satisfy a certain twisted multiplicativity (cf. (1.1)) that reduces their computation to the case of the P -power coefficients, for P a prime in the ring of integers of the field K. After multiplying by appropriate normalizing zeta factors, the authors show that the P -parts form a Dirichlet polynomial whose non-zero coefficients are naturally parametrized by the elements of the Weyl group W .
In the unstable range, when n is small relative to Φ, one still expects to be able to construct multiple Dirichlet series with the same properties as in the stable range. However, simple examples show that the coefficients of the P -parts are no longer parametrized solely by the elements of W . It is expected that the terms corresponding to the elements of W will be present, but will form only part of the P -part polynomial. Some progress-including a beautiful conjectural description of the P -parts for type A unstable series via Gelfand-Tsetlin patterns-is given in Brubaker, Bump, Friedberg, Hoffstein [4] . There one can also find a proof that the multiple Dirichlet series associated to Φ = A 2 are the Whittaker coefficients of Eisenstein series on the metaplectic cover of GL 3 . We refer the reader to [4] for further discussion of the connection between multiple Dirichlet series and Whittaker coefficients of metaplectic Eisenstein series.
In this paper, we focus on the case n = 2 and Φ simply-laced of rank r. This assumption on Φ is no loss of generality, since when n = 2 the non-simply-laced cases described in [2] can be obtained by setting variables to be equal in a series associated to a simply-laced root system. These series are unstable for r ≥ 3, and the results of [2, 3] cannot be applied to derive the desired properties of Z. For such series the quadratic Gauss sums are essentially quadratic residue symbols, and the associated Weyl group multiple Dirichlet series can be expressed as sums of quadratic Dirichlet L-functions. Our main result is that these quadratic Weyl group multiple Dirichlet series have a meromorphic continuation to C r and satisfy a group of functional equations isomorphic to the Weyl group W . We refer to Section 4 for the exact definition of Z and to Theorems 5.4 and 5.5 for a precise statement of these results.
For an example, let Φ = A r and K = Q. Then the series Z has the form a(m 1 , m 2 , . . . , m r )
where the sum is over all positive integers m i . If m 1 m 2 · · · m r is odd and squarefree, we have
The coefficients satisfy the following twisted multiplicativity property:
when (m 1 · · · m r , m ′ 1 · · · m ′ r ) = 1. The identity (1.1) reduces the description of the coefficients to that of the coefficients
where p ranges over all primes. For a fixed prime p, the coefficients (1.2) can be organized into a generating function
One of our main results is an explicit description of this generating function, given in Theorem 3.4; it turns out that (1.3) is a rational function of the p −s i that is itself invariant under a certain Weyl group action. We conclude this introduction with a few examples of quadratic multiple Dirichlet series that have previously appeared in the literature. We refer the reader to the survey papers [2, 13] for a more comprehensive list of examples.
The first example (in more than one variable) was found by Siegel [22] :
wherem denotes the part of m relatively prime to the squarefree part of d and χ d is the quadratic character associated to the extension Q( √ d) of Q. The multiplicative factor a(d, m) is defined by a(d, m) = p prime p k ||d, p l ||m a(p k , p l ), and (1.5) a(p k , p l ) = min(p k/2 , p l/2 ) if min(k, l) is even, 0 otherwise.
Siegel obtained this series as the Mellin transform of a half-integral weight Eisenstein series for the congruence subgroup Γ 0 (4). (Actually, Siegel's series is a linear combination of series of this form.) As Siegel noted, this integral representation implies two functional equations for Z(s, w), one coming from the functional equation of the Eisenstein series, and one coming from the Mellin transform, via the automorphicity of the Eisenstein series. These functional equations take the form
These two functional equations commute with one another, and thus generate a group isomorphic to the Klein four group. In fact, it turns out that Siegel's series satisfies a group of twelve functional equations. In our notation, Siegel's series is the quadratic series associated to the root system of type A 2 . This means that (1.4) actually possesses a group of functional equations G isomorphic to the semidirect product of the Weyl group of type A 2 together with order 2 group of symmetries of the Dynkin diagram of A 2 . These extra functional equations-which are not at all obvious from Siegel's presentation of his series-were first noted in unpublished work of Bump and Hoffstein, who recognized this Mellin transform of the metaplectic GL 2 Eisenstein series as the Fourier-Whittaker coefficient of a minimal parabolic metaplectic Eisenstein series on the double cover of GL 3 . 1 To see the full group of functional equations worked out in detail, as well as the meromorphic continuation of Z(s, w), we refer to Fisher-Friedberg [15] . For an application of Z(s, w) to a mean value result for sums of quadratic Dirichlet L-functions, see Goldfeld-Hoffstein [18] as well as [15] . For a rank 3 example, take the Rankin-Selberg convolution of two halfintegral weight Eisenstein series for Γ 0 (4). This yields the quadratic A 3 series, which has the form (1.6) d,n 1 ,n 2 >0 d,n,n 2 odd
Here a(n 1 , n 2 , d) is a multiplicative weighting factor first explicitly written down by Fisher and Friedberg [16] (see also our Example 3.7). It is expected that the A 3 series is a Whittaker coefficient of a minimal parabolic Eisenstein series on the double cover of GL 4 . Applications of the A 3 series include mean value results for sums of squares of quadratic Dirichlet L-functions. More examples of higher rank have also appeared in the literature and have been applied to analytic number theory. The quadratic D 4 series was treated by Diaconu, Goldfeld and Hoffstein [14] , who used it to prove mean value results for sums of cubes of quadratic Dirichlet L-functions. This was first proved by Soundararajan [23] by other methods. The results of [14] and [23] are stated over Q, but the methods of multiple Dirichlet series work over any global field. One of us (GC) recently used the quadratic A 5 series to establish a mean value result for central values of zeta functions of biquadratic number fields [11] . The results of this paper simultaneously unify and generalize all of these earlier constructions.
Finally, we remark that one may also construct double Dirichlet series roughly of the form
where the b g (n) are Fourier coefficients of a Hecke cuspform g on GL 2 or GL 3 . These have been studied in the papers [8, 19] (for g on GL 2 ), and [10, 12] (for g on GL 3 ). Though we do not directly address such series in this paper, our methods may easily be adapted to establish the analytic continuation and functional equations of (1.7).
We briefly indicate how to precisely define (1.7) when g is a GL 3 form. This is the heart of the problem, since once the series has been correctly 1 A more general connection between double Dirichlet series and Whittaker coefficients of a metaplectic GL3 Eisenstein series is proven in [4] . defined, it is easy to mimic the procedure of Section 5 to establish the functional equations and analytic continuation. To precisely define (1.7), it once again suffices to specify its p-part. Let α 1 , α 2 , α 3 be the Satake parameters of g at an unramified prime p. Let f (x 1 , x 2 , x 3 , x 4 ) be the rational function associated to the root system of type D 4 given by Theorem 3.4. (We take x 4 to be the variable corresponding to the central node.) Then the generating series giving the precise form of the p-part of the series (1.7) is
Preliminaries
Let K be a number field with ring of integers O. Let S f be a finite set of non-archimedean places such that S f contains all places dividing 2 and the ring of S f -integers O S f has class number 1. Let S ∞ be the set of archimedean places, and let S = S f ∪ S ∞ .
Let a * be the quadratic residue symbol attached to the extension K( √ a)
of K, extended as in [15] ; we review the definition below. A slightly different but essentially equivalent formalism appears in the papers [2] [3] [4] . We find the setup of [15] simpler in the quadratic case. For each place v, let K v denote the completion of K at v. For v nonarchimedean, let P v be the corresponding ideal of O, and let q v = |P v | be its norm. Let C be the product v∈S f P nv v where n v is defined to be max{ord v (4), 1}. Let H C be the narrow ray class group modulo C, and let R C = H C ⊗ Z/2Z. Write the finite group R C as a direct product of cyclic groups, choose a generator for each, and let E 0 be a set of ideals of O prime to S that represent these generators.
Further, in the expression χ I (Ĵ ), we letĴ represent the part of J coprime to I 0 . This character χ I depends on the choices above, but we suppress this from the notation. Proof. See Neukirch [21] , Theorem 8.3 of Chapter 6.
Let I(S) be the set of integral ideals prime to S f . Let L S (s, χ J ) be the Lfunction of the character χ J , with the places in S removed. We let L S (s, χ J ) be the product over the places in S. Thus
If ξ is any idèle class character then the completed L-function L(s, ξ) satisfies a functional equation
where ǫ(s, ξ) is the epsilon factor of ξ.
Let ψ be another character unramified outside S. Then
Here ǫ(1/2, χ I ) is given by a (normalized) Gauss sum, as in Tate's thesis. When χ I is a quadratic character, we have ǫ(1/2, χ I ) = 1.
A Weyl group action on rational functions
Let Φ be an irreducible simply laced root system of rank r with Weyl group W . Choose an ordering of the roots and let Φ = Φ + ∪ Φ − be the decomposition into positive and negative roots. Let Σ = {α 1 , α 2 , . . . , α r } be the set of simple roots and let σ i be the Weyl group element corresponding to the reflection through the hyperplane perpendicular to α i . We say that i and j are adjacent if i = j and (σ i σ j ) 3 = 1. The Weyl group W is generated by the simple reflections σ 1 , σ 2 , . . . , σ r , which satisfy the relations
3 if i and j are adjacent, 1 if i = j, and 2 otherwise,
The action of the generators σ i on the roots is
Though it will play no role in this section, we will assume that the indices are ordered so that for each j, the i adjacent to j are either all less than j or all greater than j. Let l denote the length function on W with respect to the generators σ 1 , σ 2 , . . . , σ r , and define
Let Λ Φ be the lattice generated by the roots. Any α ∈ Λ Φ has a unique representation as an integral linear combination of the simple roots:
We call the set Supp(α) of j such that k j = 0 in (3.3) the support of α. We put
be half the sum of the positive roots. For each w in the Weyl group set
We gather some simple properties of W we will need later.
(e) The set of simple reflections σ i occurring in any reduced expression for w is uniquely determined by w.
Proof. Statements (a)-(e) can be found in many standard references, e.g. [20] . We were unable to locate a precise reference for (f), and so for the convenience of the reader provide a proof. We will prove (f) under the assumption that W is a simply-laced Weyl group. Note that by (b) the set Supp(ρ − wρ) makes sense for any w ∈ W . We proceed by induction on l(w).
First assume l(w) = 1, so that w = σ i , a simple reflection. Then ρ−σ i ρ = α i . Hence the result is true in this case. Now assume the result is true for lengths up to l(w). By (e) it suffices to check the truth of the statement on any reduced expression for w. Let σ i u be a reduced expression for w, so that l(u) = l(w)− 1. Let J = Supp(ρ− uρ) and write ρ − uρ = j∈J k j α j . By (a) and (d), we have
unless it happens that k i = 1 and k j = 0 for each j adjacent to i. But then we know σ i appears in any reduced expression for u. Moreover the conditions on the coefficients k j imply that σ i commutes with every element in any reduced expression for u. Hence the expression σ i u cannot be reduced, a contradiction. This completes the proof.
where the exponents k i are determined as in (3.3). Our immediate goal is to define an action of the Weyl group W on F . It will turn out that to construct a multiple Dirichlet series with group of functional equations isomorphic to the group W , it suffices to construct a rational function f invariant under this W -action and satisfying certain limiting conditions, see Section 5 and Proposition 5.1.
We define this W -action in stages. First, for x = (x 1 , x 2 , . . . , x r ) define
Finally we can define the action of W on F for a generator σ i ∈ W :
Proof. The proof of the Lemma amounts to verifying that the relations (3.1) are respected by (3.8) . We leave the details to the reader.
(c) If g is an even function of all the x j , then
Proof. Each part of the Lemma can be proven by first establishing the result for the generators σ i , and then verifying that if the result is true for w 1 , w 2 ∈ W, then it is true for the product w 1 w 2 . Part (a) is obvious. For part (b), we have g(σ i x) = q d(σ i α−α)/2 x σ i α by (3.2) and (3.5). Assume (b) holds for w 1 , w 2 ∈ W . Then we have
as required. For part (c), first note that if g is an even function of x j for each index j adjacent to i, then
is even in any variable, then g(σ i x) is even in the same variable. The proof of (c) is now easily completed.
We now state the main result of this section.
Theorem 3.4. There exists a rational function f ∈ F that is W -invariant under the | operation induced by (3.8) and satisfies (1) for each i = 1, 2, . . . , r, the function f satisfies the following limiting condition: if x j = 0 for every j adjacent to i, then
(2) f (0, 0, . . . , 0) = 1.
Remark 3.5. We expect that the rational function satisfying the conditions of Theorem 3.4 is unique. We have verified the uniqueness by a laborious induction for the root systems A n (n ≤ 5) and D 4 .
Example 3.6. For the root system A 2 , the rational function f satisfying the conditions of Theorem 3.4 is
.
The Taylor series coefficients of f A 2 coincide with the q-part of Siegel's series (1.4) . That is, if we write
then a kl (q) = min(q k/2 , q l/2 ) if min(k, l) is even, 0 otherwise. This should be compared with (1.5).
Example 3.7. For the root system A 3 , with central node corresponding to
This can be expressed in terms of the A 2 rational function f A 2 from Example 3.6. Indeed, for |x i | < 1/q, we have
where the integral is taken over the circle |t| = 1/q. The identity (3.11) originates in the representation of the A 3 multiple Dirichlet series (1.6) as a Rankin-Selberg convolution of two metaplectic Eisenstein series on the double cover of GL 2 (cf. Section 1). The factor (1 − qx 1 x 2 2 x 3 ) −1 can be interpreted as the q-part of the normalizing zeta factor arising in the convolution, cf. [5, Section 1.1].
The relation between the above examples and the results of [2] [3] [4] is discussed in Remark 3.12 at the end of this section.
Since W is finite, it is easy to construct functions in F that are Winvariant by averaging over the group. The difficulty lies in finding the proper function to average so that the condition (3.9) is satisfied.
To this end, define
and let j(w, x) = ∆(x)/∆(wx). Then j satisfies the one-cocycle relation
Proof. The second statement follows from the first and the cocycle relation (3.12) . For the first, write
Using Lemma 3.3,
as claimed.
We are now ready to construct the function whose existence is claimed in Theorem 3.4. Define
We claim f (x) satisfies the conditions of Theorem 3.4.
The invariance of f is clear. To verify the limiting condition (3.9) we need the following lemma: Lemma 3.9. Let w be an element of the Weyl group W .
(a) x ρ−wρ (1|w)(x) is regular at the origin.
is regular at the origin for i = 1, 2, . . . , r. Proof. The proof of the lemma is by induction on the length of w. If w is the identity element, (a) and (b) above are trivial. Suppose (a) and (b) are true for w 0 ∈ W and that i is such that l(σ i w 0 ) = l(w 0 ) + 1. Then
i ) are both even functions of x i . Therefore, by Lemma 3.3 (c),
. Since g i (wx) is regular at the origin for i = 1, 2, to finish the proof of (a) we must show that
are both regular at the origin. The second statement term is regular by virtue of the inductive hypothesis. As for the first, by induction it suffices to show that ρ − σ i w 0 ρ ρ − w 0 ρ, or equivalently, by Lemma 3.1 (d), that
In fact we claim that for each α ∈ Φ(w −1 0 ) either (3.17) α σ i α or σ i α ∈ Φ(w −1 0 ). Indeed, we know that α−σ i α must be an integral multiple of α i , say α−σ i α = nα i . If n ≤ 0 then the first alternative in (3.17) holds. If n > 0, then
Proof of Theorem 3.4. Let f be defined as in (3.13) . To complete the proof of Theorem 3.4, we verify that f satisfies the limiting condition (3.9). Fix an index i with neighbors j 1 , . . . , j k . Let W 0 be the subgroup of W generated by the σ j with j = i and j = j 1 , . . . j k . If we set x j 1 = · · · = x jr = 0 in
then Lemmas 3.1(e), 3.8, and 3.9(a) imply that every summand in (3.18) vanishes except for those with w in the group generated by σ i and W 0 . Since σ i is in the centralizer of W 0 , (3.18) becomes
The term in the brackets equals (3.14) . Since each w ∈ W 0 is composed of reflections σ j for j neither neighboring nor equal to i, the term 1−qx 2 i 1−x i can be pulled outside the summation, and leaves behind a factor of 1/(1 − x i ) after 1 − qx 2 i cancels with the same term in ∆. This completes the proof of Theorem 3.4.
For use in the following sections, we establish some further properties of the invariant function f . Write f (x) = f (x; q) as a power series in the x i :
a(k 1 , . . . , k r ; q)x k 1 1 · · · x kr r .
We will often write f (x) or a(k 1 , . . . , k r ) when the dependence on q is not relevant. The main fact about the q-dependence relevant for us is the following:
Proposition 3.10. For Φ fixed, there exists constants C 1 , C 2 > 0 such that a(k 1 , . . . , k r ; q) < C 1 q C 2 |k| , where |k| := k 1 + · · · + k r .
Proof. From the definition of f , it is clear that its numerator is polynomial in q and that its denominator is a finite product of terms of the form (1 − q l 0 x l 1 1 · · · x lr r ) for some positive integers l i . In fact, it is not hard to see that the denominator divides
Expanding this out in a geometric series gives us the polynomial bound in q.
The reason for the introduction of the Weyl group action (3.8) and the relevance to L-functions will be made more clear in the next section. We conclude this section by explaining a consequence of the W -invariance of the function f . Take the power series expansion of f in r − 1 of the variables x i . Thus the coefficients of this expansion will be functions of the one remaining variable, x j 0 , say. The invariance of f under σ j 0 will force these coefficients to satisfy certain functional equations. We make this explicit. 
(a) If n(k) = 2γ is even, then
(c) Let C 1 , C 2 be the constants of Proposition 3.10. For
Proof. From (3.8) and the invariance of f under σ j 0 , we know that (1 −
Comparing the coefficients of
yields (a). The proof of (b) follows after a similar comparison of f − j 0 (x) and f − j 0 (σ j 0 x).
Remark 3.12. The rational functions of Theorem 3.4 will be used to define the p-parts of the multiple Dirichlet series of the following section. (Here p is a prime of norm q.) An alternative description of the p-parts of multiple Dirichlet series is given in the papers [2] [3] [4] . The first two of these papers deal with stable Weyl group multiple Dirichlet series constructed from n th order characters and Gauss sums. As noted in the introduction, the series studied in this paper (the n = 2 case) fall outside the stable range provided Φ = A 2 . Let us compare our Examples 3.6 and 3.7 with the formulas of [2] [3] [4] . First, for the A 2 series, multiply the numerator and denominator of (3.10) by (1 + x)(1 + y). Then the numerator N (x, y; A 2 ) is a sum of 6 terms which correspond to the 6 elements of the Weyl group W. Make the change of variable x → x √ q, y → y √ q in N (x, y; A 2 ) to get
Then the coefficient of x k 1 y k 2 is precisely the coefficient H(p k 1 , p k 2 ) given in (13) of [2] , after replacing g(1, p) by √ q and g(p, p 2 ) by −q. Thus, in this stable example, our result is identical to the result of [2] . Turning to Example 3.7, multiplying the numerator of f A 3 by (1+ x 1 )(1+ x 2 )(1 + x 3 ) yields a sum of 28 terms. After changes of variables as in the paragraph above, 24 of these terms correspond to the 24 elements of the Weyl group of A 3 under the association (6) of [3] . However, (6) of [3] is intended to be applicable only in the stable case; the missing 4 terms are a manifestation of the instability of this example.
Finally, we note that Brubaker, Bump, Friedberg and Hoffstein [4] have given a conjecture for the p-parts, applicable for all n when Φ = A r . In this conjecture the terms of the numerator are parametrized not by Weyl group elements, but rather by Gelfand-Tsetlin patterns of rank r with top row (r, r − 1, . . . , 2, 1). They provide much convincing evidence for their conjecture, including verification that for n = 2, the conjecture agrees with our results for A r , r ≤ 5. Unfortunately, our methods do not readily provide a means to attack their conjecture as it appears difficult to extract the coefficients of the numerator of the rational function of Theorem 3.4 from the definition (3.13).
Definition of the quadratic Weyl group multiple Dirichlet series
We continue to let Φ denote an irreducible simply-laced root system of rank r. We recall our convention on the ordering of the indices: for each j, the i which are adjacent to j are either all less than j or all greater than j.
Let Ψ = (ψ 1 , ψ 2 , . . . , ψ r ) be a collection of r idèle class characters unramified outside of S. Given a collection I = (I 1 , . . . , I r ) of ideals in I(S) we denote by Ψ(I) the product i ψ i (C i ). and by H(I) the coefficient H(I 1 , I 2 , . . . , I r ) defined below.
Definition 4.1. The coefficient H(I 1 , I 2 . . . , I r ) is defined by the following two conditions:
(1) Suppose I = (P k 1 , . . . , P kr ), where P is a fixed prime ideal of norm q. Then H(P k 1 , . . . , P kr ) = a(k 1 , . . . , k r ; q). 
Proof. We have H(I 1 , I 2 , . . . , I r ) = H(I 1 , 1, . . . , 1)H(1, I 2 , . . . , I r )
i,1 adj.
Now use the fact that H(C, 1 . . . , 1) = 1 and induct.
We may finally define the family of multiple Dirichlet series that is the main subject of this paper. For an r-tuple s = (s 1 , . . . , s r ) of complex numbers, define By the (4.1) we see that the sum defining Z S (s, Ψ) will converge absolutely for Re(s j ) sufficiently large, 1 ≤ j ≤ r.
We will find it convenient to extend this definition to allow linear combinations of idèle class characters in place of Ψ. If
In the particular applications we have in mind, the r-tuple Ξ will consist of combinations of idèle class characters and characteristic functions δ E for classes E in R C .
Functional equations and analytic continuation
In this section we show that the family of multiple Dirichlet series Z S (s, Ψ) as Ψ ranges over r-tuples of quadratic idèle class characters unramified outside of S satisfies a group of functional equations isomorphic to W , the Weyl group of the root system Φ. Summing over the j th 0 index in the series (4. These functional equations are involutions generating the group of functional equations of Z S (s, Ψ). Note that if we set x j = q −s j , then this action corresponds to the action (3.5) of W on x = (x 1 , . . . , x r ) by the variable change x j = q −s j . We now exhibit the functional equations in detail. Fix an index j 0 . Then summing (4.2) over this index first produces (5.2) j=1,...,r j =j 0 I j ∈I(S)
H(I 1 , . . . , I j 0 −1 , I j 0 , I j 0 +1 , . . . , I r )
Our goal is to express the innermost sum as the product of a partial L-series with a Dirichlet polynomial, and to exhibit the precise functional equation that it satisfies. Let N = j =j 0 I j and let M = j:j,j 0 adj. I j . We will assume that j 0 > j for all indices j adjacent to j 0 . Setting ψ = ψ j 0 and s = s j 0 , we begin by removing the ideals relatively prime to N from the inner sum above: 
The first bracketed product of characters is a constant which can be pulled outside the summation and will be ignored. Summing over k we get ∞ k=0 H(P β 1 , . . . , P k , . . . , P βr ) |P | ks ψ(P k ) j:j,j 0 adj.
Thus, up to a constant of absolute value 1, (5.3) is
Therefore, M 1 consists of primes which divide M to odd power and M 2 of primes dividing M to even order. In further evaluating the product (5.5), we distinguish three cases: P relatively prime to M , P divides M to odd order, and P divides M to even order.
Case 1: P relatively prime to M . This means that for all the neighbors j of j 0 , P β j = 1. By the limiting condition of Theorem 3.4 we conclude that Taking the product over all P dividing M to odd order, we have The P -part of (5.5) is
Again by Proposition 3.11, this can be written as
where H P (S) satisfies
Taking the product over all P dividing M to even order, we have
Putting together the 3 cases above, we get an expression for (5.2) in terms of an L-function.
Proposition 5.1. Fix ideals I j ∈ I(S) for j = j 0 . Then
where Q(s) is a finite Euler product depending on the ideals I 1 , . . . I j 0 −1 , I j 0 +1 , . . . , I r and the character ψ which satisfies
For s > C 2 , there exists C 3 such that
Here, C 2 is the constant from Proposition 3.11.
Proof. The only unproven part of the Proposition is the claim about the size of Q(s). It follows from Proposition 3.11 that
where ω(N ) is the number of prime divisors of N . Hence we may take 
This is immediate from (5.9), the functional equation (2.1) of the Lfunction L(s, ψχ M ) and the description of the epsilon factor in Proposition 2.2.
In the usual way, we can use the functional equation of the preceding proposition to obtain a convexity estimate forL S :
for Re(s) > −C 2 , with the implicit constant depending on the set S and Im(s). This final estimate allows us to analytically continue Z S (s, Ψ) slightly beyond the initial domain of absolute convergence. Recall that the action of W on s was given in (5.1). Summing over E we get the functional equation for Z S (s, Ψ). for some matrix Φ(s; w).
Theorem 5.5. The function Z S (s, Ψ) has an analytic continuation to C r . The collection of these functions as Ψ ranges over r-tuples of quadratic idèle class characters unramified outside of S satisfies a group of functional equations isomorphic to W . This action of W is given by Theorem 5.4 and (5.10) . Finally, Z S (s, Ψ) is analytic outside the hyperplanes (ws) j = 1, for w ∈ W, 1 ≤ j ≤ r. Here (ws) j denotes the j th component of ws.
Proof. The argument is identical to that given in the proof of Theorem 5.9 of [3] , and we do not repeat the details here. However, for the convenience of the reader, we give a sketch. Using the functional equations (5.10), we may extend the domain of analyticity of Z S (s, Ψ) to translates of Ω by the group W . The union of the translates forms a tube domain in C r whose base is the complement of a compact subset of R r . We may then apply Bochner's theorem [1] to extend Z S (s, Ψ) to an analytic function on all of C r .
